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Conclusions
At turbulentjet excitationby high-intensitysound the soundwave

form plays a substantialrole not only in forming coherentstructures
in the jet but also in forming the jet structure itself. Sinusoidal exci-
tationgeneratesrather extendedvortices in jets and can cause lateral
jet oscillations.Sawtoothlikewave excitation leads to the formation
of compact disturbances both in subsonic and supersonic jets. The
intrinsic shock-wave formation of supersonic jets can be destroyed
in this case and the disturbance movement along the jet boundary
at supersonic convective velocity is accompanied by Mach wave
radiation.
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Introduction

L AMINAR–TURBULENT transition in shear � ows is still an
enigma in the area of � uid mechanics. The conventional ex-

planationof the phenomenon is based on the instability of the shear
� ow with respect to in� nitesimal disturbances. The conventional
hydrodynamic stability theory deals with the analysis of normal
modes that might be unstable. The latter circumstance is accompa-
nied by an exponentialgrowth of the disturbancesthat might lead to
laminar–turbulenttransition.Nevertheless,in manycases, the transi-
tion scenariobypasses the exponentialgrowth stage associatedwith
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the normal modes. This type of transition is called bypass transi-
tion.An understandingof the phenomenonhas eluded us to this day.
One possibility is that bypass transition is associatedwith so-called
algebraic (nonmodal) growth of disturbances in shear � ows.1;2

A numericalanalysisof spatialnonmodalgrowthwithin the scope
of the linearized boundary-layer equations for an incompressible
� ow overa � at platewas carriedout in Refs. 3 and 4. Spatial analysis
within the scope of the linearized Navier–Stokes equations (quasi-
parallel approximation of compressible and incompressible � ows)
was presented in Refs. 5–7. Recently, the method of Ref. 4 was gen-
eralized for the case of compressible boundary layers.8 The main
results of these theoretical models are as follows: 1) A system of
counter-rotatingstreamwisevortices,which areperiodicin the span-
wise direction, provides the strongest growth of the disturbance.
2) There is an optimal spacing of the streamwise vortices, which
leads to the strongest effect.

The effect of pressure gradients on the transient growth mecha-
nism was consideredwithin the scopeof temporal theoryby Corbett
and Bottaro9 and within the scope of spatial theory by Tumin and
Reshotko.7 Both studies were based on the quasi-parallel � ow as-
sumption. Tumin10 analyzed the pressure-gradient effect for the
Falkner–Skan pro� le within the scope of an analyticalmodel when
the spanwise wave number is very small. The pressure-gradientef-
fect within the scope of spatial theory with nonparallel base � ow
and � nite spanwise wave numbers has not yet been considered.

Another motivation for the present work stems from separation
� ow control on low-pressure turbines (LPTs). The performance of
LPTs is strongly affected by the � ow separation. There is a pos-
sibility of delaying the boundary-layer separation by tripping the
boundary layer with the help of roughness elements or other de-
vices. Usually, a trial-and-errormethod is used to determine an ap-
propriate placement of the control elements. This approach is time
consuming and expensive. A recent investigation by Reshotko and
Tumin11 demonstrated that roughness-induced transition might be
related to the transient growth mechanism.

Periodically spaced in the spanwise direction, roughness ele-
ments generate a system of counter-rotating streamwise vortices.
Due to a secondary instability mechanism, the streamwise vortices
can lead to earlier transition to turbulence. They also provide a
mixing enhancement due to redistribution of the streamwise mo-
mentum. Consequently,optimizationof the streamwise vortices for
maximum energy growth leads to maximization of the � ow control
effectiveness. In the present work, an analysis of the optimal dis-
turbances/streamwise vortices associated with the transient growth
mechanism is performed for boundary layers in the presence of a
streamwise pressure gradient. The theory will provide the optimal
spacing of the control elements in the spanwise direction and their
placement in the streamwise direction.

Governing Equations
Because the � ows of interest have relatively low Mach num-

bers, we consider steady three-dimensional disturbances in an
incompressible two-dimensional boundary layer. We choose the
streamwise coordinate x along the surface. The coordinate y will
measure distance from the wall. We de� ne a small parameter
" D

p
.º=Uref L ref/ that is the inverse square root of the Reynolds

number, and v, Uref , and L ref are viscosity, reference velocity, and
reference length, respectively.The streamwise coordinate is scaled
with L ref while the vertical coordinate y and spanwise coordinate
z are scaled with

p
.ºL ref=Uref/. The following scaling is assumed

for the velocity disturbancesu, v, and w and the pressure p:

u » Uref; v » "Uref; w » "Uref; p » "2½Uref (1)

This scaling of the linearized Navier–Stokes equations and ne-
glecting the curvature effects lead to the governing equations
for Görtler instability, with the Görtler number equal to zero.
We look for a periodic solution in the spanwise direction, with
the corresponding wave number ¯. The governing equations for
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the amplitude functions can be written in dimensionless form as
follows3;4:
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where U .x; y/ and V .x; y/ are the streamwise and normal velocity
components of the base � ow, respectively.The streamwise velocity
U .x; y/ is scaledwith Uref, and the normal velocityV .x; y/ is scaled
with "Uref.

The following boundary conditions are applied to the solutions:

y D 0 : u D v D w D 0 (6a)

y ! 1 : u; w; p ! 0 (6b)

Equations (2–5) can be solved subject to boundary conditions (6a)
and (6b) with prescribed initial velocity perturbationsat x D x0.

Optimization of Energy Growth
The authors of Refs. 3 and 4 employed an iterative procedure

to � nd the optimal disturbances in terms of the maximum of the
energy growth ratio G D Eout=Ein , where Ein and Eout stand for the
input and output energy norms. Andersson et al.3 used the same
de� nitions of E in and Eout as for the disturbance energy,

E D
Z ymax

0

.u2 C "2v2 C "2w2/ dy (7)

whereas Luchini4 employed the knowledge that the optimal distur-
bances are represented by streamwise vortices with corresponding
output as streamwise velocity streaks:

E in D "2

Z ymax

0

.v2 C w2/ dy (8a)

Eout D
Z ymax

0

u2 dy (8b)

G D
Eout

Ein
D "¡2

R ymax

0
u2 dy

R ymax

0
.v2 C w2/ dy

(8c)

As was shown in Ref. 3, the two de� nitions of the optimal dis-
turbances lead to the same results at Reynolds numbers of 104 and
higher. Because the iteration procedure based on the optimization
of ratio (8c) provides signi� cant simpli� cation, we adopt it for the
following analysis. Because Eqs. (2–5) are independent of ", the
value of "2G is invariant with respect to the Reynolds number.

Numerical Results
Falkner–Skan Base Flow

We consider a Falkner–Skan family of boundary-layer pro� les
with freestream velocity distribution Ue D C xm and correspond-
ing Hartree parameter ¯H D 2m=.m C 1/. For the purpose of con-
venience, we have used the velocity scale Uref D UeL D C Lm

and the length scale L ref D L=.m C 1/. The latter allowed the
use of the conventional scaling of boundary-layer solutions with
Href D

p
[ºL=.m C 1/UeL ] D

p
.ºL ref=Uref/.

Figure 1 shows the scaled energy ratio vs spanwise wave number
¯ for threeHartreeparameters,¯H D ¡0:1, 0.0, and0.1.The starting
and the ending points, xin=L and xout=L, are equal to 0.2 and 1.0,

Fig. 1 Effects of the spanwise wave number ¯ and the Hartree param-
eter ¯H on transient growth (starting point xin /L = 0:2).

Fig. 2 Effects of the spanwise wave number ¯ and the starting point
xin /L on transient growth at the same conditions as the experiment in
Ref. 12 (¯H = 0:353, xout/Ls = 0:444).

respectively.The Reynolds number ReL in Fig. 1 and what follows
is de� ned as UeL L=º. One can see that an unfavorable pressure
gradient.¯H < 0/ leads to an increasein the energygrowth,whereas
a favorable pressure gradient .¯H > 0/ leads to suppression of the
transient growth mechanism. The latter is consistent with results
obtainedwithin the scope of parallel � ow approximation.7 Analysis
of various starting points, xin=L, has shown that, in addition to an
optimal spacing between perturbers, there is an optimal location
from the leading edge. (A similar result was observed in Ref. 8 for
compressible boundary layers over a � at plate.)

Example of Low-Pressure Turbine Conditions
Volino12 simulated LPT airfoil conditions in a low-speed wind

tunnel. The test section was designed as a passage between two air-
foils. The local freestreamvelocity at a favorable pressure-gradient
region was closely approximated by the following equation:

Ue=Uexit D 1:48.x=Ls /
0:214 (9)

where L s is the suction surface length and Uexit is the nominal exit
freestream velocity based on the inviscid solution. Distribution (9)
corresponds to a Falkner–Skan � ow with the Hartree parameter
¯H D 0:353.

Figure 2 demonstrates the energy ratio scaled with the Reynolds
number (Reexit D Uexit L s=º) vs the spanwise wave number scaled
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with HLs D
p

ºL s=Uexit . The ending point was prescribed at
xout=Ls D 0:444 while the startingpointsvaried from0.111 to 0.289.
One can see that there is an optimal starting point, xin=L . The
optimal velocity perturbation pro� les at xout=L s D 0:444 (for u),
xin=L s D 0:111 (for v and w/, and ¯HLs D 0:925 are shown in Fig. 3.

The results indicate that we are dealing with a very strong favor-
able pressure gradient that suppresses the transient growth mech-
anism. For example, at a typical LPT cruise Reynolds number of
5 £ 104 , the transient growth will provide an energy ampli� cation
of less than 50. This is a relatively small number. If we take into
account that, in practice, the perturber will not produce the optimal
in� ow � eld, the real ampli� cation will be of an even smaller value.
For example, in a Blasius boundary layer, the theory predicts am-
pli� cation of 250 at the same Reynolds number of 5 £ 104 (Ref. 9).
Correlation between the transient growth factor and transition has
not been establishedyet; therefore, the effectivenessof the transient
growth mechanismin preventing� ow separationcannotbe assessed
quantitativelyat the present time.

There is a possibility of enhancing the transient growth mech-
anism by means of wall cooling. The effect of wall cooling was
investigatedby Tumin and Reshotko7 within the scope of a parallel
� ow approximation. In order to estimate possible increases of the
energy ratio on a cold wall at a high favorable pressure gradient,
we utilize the method of Ref. 7 for a compressible � ow with local

Fig. 3 The optimal velocity perturbation u at the ending point
xout/Ls = 0:444 and corresponding velocity pro� les v and w at the start-
ing point xin /Ls = 0:111.The parameters correspond to the experimental
conditions in Ref. 12 (¯HLs = 0:925).

Fig. 4 Effect of the temperature factor on energy growth at the exper-
imental conditions in Ref. 12.

Mach number of 0.5 and Hartree parameterof 0.353.The results are
shown in Fig. 4. One can see that cooling of the wall might provide
a tenfold increase in the energy ratio.

Summary
The results for the transientgrowth phenomenonwithin the scope

of the linearized boundary-layer equations in the presence of a
streamwise pressure gradient are consistent with previous results
obtained within the scope of the parallel � ow approximation and
linearized Navier–Stokes equations.7 A favorable pressure gradi-
ent decreases the nonmodal growth while an unfavorable pressure
gradient leads to an increase of the ampli� cation.

The example of a Falkner–Skan � ow with a Hartree parameter
¯H D 0:353correspondsto theexperimentaldata12 andsimulatesthe
� ow over an LPT airfoil upstream of the separation point. At this
pressuregradient,the transientgrowthmechanismis suppressedand
the energy ampli� cation at low Reynolds number has a small value.
The theory of the transient growth mechanism predicts that it is
possibleto enhancethe energygrowthbymeans ofwall cooling.The
example within the scope of the parallel � ow theory7 demonstrates
that coolingof thewall mightprovidea tenfoldincreasein theenergy
ratio. Future experiments on boundary-layer tripping accompanied
by wall cooling will contribute to our understanding of the bypass
transition mechanism.

The methodalso predicts that there is an optimal spacingbetween
perturbers and an optimal location from the leading edge.

Considerationof the optimal velocityperturbationsin Fig. 3 indi-
cates that they are spreading across the boundary layer. This means
that an array of generators localized on the wall will not provide
excitation of the optimal disturbances. Therefore, the question of
realizability of the optimal disturbances arises. For example, one
can solve the receptivity problem for an array of generators on the
wall and evaluate their shapes (or other parameters) to � nd the ones
thatprovidedisturbancepro� les closestto the optimalones.Another
option is to solve the receptivity problem for distributed generators
upstream of the starting point xin and to � nd the distributionof gen-
erators that leads to the optimal disturbances.The next option is to
design a disturbance generator that directly affects the � ow inside
the boundary layer instead of perturbing the near-wall region only.
These fundamental issues should be addressed in future research
programs on the application of bypass transition mechanisms to
separation � ow control at low Reynolds numbers.
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Introduction

P RESSURE-SENSITIVE paint (PSP) is an optical sensor
for measuring surface pressure distributions on wind-tunnel

models.1;2 Because of oxygen quenching of luminescence, the lu-
minescent intensity I emitted from PSP is related to air pressure p
by the linear Stern–Volmer relation over a certain range:

Iref=I D A.T / C B.T /.p=pref/ (1)

where Iref and pref are the reference luminescent intensity and pres-
sure at a known temperature, respectively.The Stern–Volmer coef-
� cients A.T / and B.T / are temperaturedependentbecause temper-
ature affects both nonradiative deactivation and oxygen diffusion
in a polymer. In principle, a priori calibration of PSP in a pres-
sure cell can be used for conversion from the luminescent intensity
to pressure using Eq. (1). However, this approach often leads to a
considerable systematic error because the surface temperature dis-
tributionis not known and the illuminationchange on surfacedue to
model deformation cannot be corrected by image registration. The
systematic error is also related to uncontrollableenvironmentaltest-
ing factors. Therefore, in actual PSP measurements, experimental
aerodynamicists calibrate PSP in situ by � tting (or correlating) the
normalizedluminescent intensityto pressure tap data at a numberof
distributed locations. In a sense, in situ PSP calibration eliminates
the systematic error associated with the temperature effect and the
illumination change by absorbing it into the overall � tting error.
In situ PSP calibration uncertainty is not suf� ciently discussed, al-
though Sajben3 and Liu et al.4 have given a general uncertainty
analysisof PSP. Recently, Kammeyer et al.5;6 assessed the accuracy
of The Boeing Company productionPSP system by statistical anal-
ysis of comparison between PSP and pressure transducers over a
large numbers of data points on a 1/12th-scale model of a Cessna
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Citation.Tests were run at several Mach numbers from 0.22 to 0.82,
two Reynolds numbers of 4.5 and 8.3 £ 106 , and 14 angles of at-
tack ranging from ¡4 to 10 deg. Kammeyer et al. found that in situ
calibration error was a function of the angle of attack (AOA) and
Mach number. It was also found that the histogram of the overall
set of in situ PSP errors obtained at all of the Mach numbers and
AOA exhibited a distinct non-Gaussian distribution. In this Note,
we study in situ calibrationuncertaintyof PSP througha simulation
of PSP measurements in subsonic Joukowsky airfoil � ows where
in situ calibration uncertainty is mainly attributed to the tempera-
ture effect of PSP and illumination change on surface due to model
deformation.The simulation complements the experimental results
obtained by Kammeyer et al.5;6 providing useful insights to in situ
calibration uncertainty of PSP.

Simulated In Situ PSP Calibration in Subsonic
Joukowsky Airfoil Flows

Hypothetical PSP measurements on a Joukowsky airfoil in sub-
sonic � ows are considered to estimate in situ PSP calibration un-
certainty. The airfoil and incompressible potential � ows around it
are generated using the Joukowsky transform. The pressure coef-
� cients on the airfoil in the corresponding subsonic compressible
� ows areobtainedusingthe Kármán–Tsien rule. We consideran adi-
abatic model at which the adiabatic wall temperature Taw is given
by Taw=T0 D [1 C r.° ¡ 1/M 2=2][1 C .° ¡ 1/M2=2]¡1. The recov-
ery factor is r D 0:843 for a laminar boundary layer on the airfoil.
Assuming that the reference temperature Tref in the wind-off case
equals to the total temperatureof the � ow T0 D 293 K, we can calcu-
late the temperature difference 1T D Taw ¡ Tref between the wind-
on and wind-off cases. Figure 1 shows typical distributions of the
pressure coef� cient C p and adiabatic wall temperature Taw on a
Joukowsky airfoil at AOA D 5 deg and Mach 0.4. The airfoil has a
25% thickness and 2% camber relative to the chord.

In an object–space coordinate system whose origin is located
at the leading edge of the airfoil, four light sources for illuminat-
ing PSP are placed at the locations Xs1 D .¡Nc; 3 Nc/, Xs2 D .2 Nc; 3 Nc/,
Xs3 D .¡Nc; ¡ 3 Nc/, and Xs4 D .2 Nc; ¡ 3 Nc/, where Nc is the chord of the
airfoil. When a light is modeled as a point light source with unit
strength,distributionsof the illumination radianceon the upper and
lower surfaces of the airfoil are

Lup D jXup ¡ Xs1j¡2 C jXup ¡ Xs2j¡2

L low D jXlow ¡ Xs3j¡2 C jXlow ¡ Xs4j¡2 (2)

where Xup and Xlow are the coordinates of the upper and lower sur-
faces of the airfoil, respectively. Two cameras, viewing the upper

Fig. 1 Typical distributions of the pressure coef� cient Cp and the adi-
abatic wall temperature Taw on a Joukowski airfoil.


